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ABSTRACT
VIBRATION CONTROL WITH PIEZOELECTRIC ACTUATION
APPLIED TO NONLINEAR PANEL FLUTTER SUPPRESSION
Zhihong Lai
Old Dominion University, 1994
Director: Dr. Jen-Kuang Huang

Panel flutter is a large-deflection limit-cycle motion excited by the airflow, which is
only on one side of a panel. The objective of this research is to analytically study the
panel flutter limit-cycle suppression using nonlinear vibration control techniques with
piezoelectric actuation. It is well known that piezoelectric materials are characterized
by their ability to produce an electrical charge when subjected to a mechanical strain.
The converse piezoelectric effect can be utilized to actuate a panel by applying an
electrical field. Piezoelectric actuators are driven by feedback controllers, and control
the panel dynamics. For a simply supported panel with piezoelectric layers, the
nonlinear dynamic equations of motion are derived by applying Galerkin’s method
to von Karm an’s large deflection equation. The aerodynamic force is predicted by
using the first-order piston theory or quasi-steady supersonic theory. For controller
design, controllers are developed for the bending-moment actuation with given inplane
force. For linear feedback control, linear quadratic regulator (LQR), linear quadratic
Gaussian (LQG) dynamic compensator and proportional derivative (PD) controllers
are used, and compared. For nonlinear control, Lyapunov’s direct method is applied
to the nonlinear dynamic model. The controller consists of two parts. One is the
linear part which is designed by solving a Riccati equation, and another is the
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nonlinear part which is obtained by making the tim e derivative of a Lyapunov function
to be negative. Numerical simulations based on the nonlinear dynamic model are
performed. The numerical study shows th at the maximum suppressible dynamic
pressure can be increased about five times of the critical dynamic pressure, and the
bending moment is much more effective in flutter suppression than the piezoelectric
inplane force. W ithin the maximum suppressible dynamic pressure, limit-cycle motion
can be completely suppressed, which means that the flutter free region is enlarged.
For the actuator design, three kinds of configurations are considered, two-set, onepatched and shaped actuators, which are implemented by changing the shapes of
electrodes. Two-set actuators perform better than one-patched actuator, and onepatched actuator may have better performance than the completely covered actuator.
For a shaped actuator, the methods to design the shape and location of the actuator
are developed. The best location of an actuator is near the leading edge of the
panel. Beside the design of shape and location of actuators, the method to design
the optimal thickness of actuators is also presented. For a collocated actuator and
sensor or a self-sensing actuator, the shape of actuator is very im portant when the
PD controller is used. For the sensor design, the method to design the shape and
location of the piezoelectric sensors is developed. The optimal control performance
can be achieved by shaped sensors with a simple fixed-gain PD controller. Numerical
results demonstrate th at piezoelectric materials are effective in panel flutter limitcycle suppression. The flutter free region can be further enlarged, if the actuator is
activated before the critical dynamic pressure being reached.
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Chapter 1
INTRODUCTION
It has been more than a hundred years since the piezoelectric effect was first discovered
by the Curie’s brothers in 1880 [1]. Piezoelectric materials are characterized by their
ability to produce an electric charge when subjected to a mechanical strain. The
converse piezoelectric effect can be utilized to actuate a structure by applying an
electric field. The most commonly used piezoelectric materials include poly-vinylidene
fluoride (PVDF), a semi-crystalline polymer film, and lead zirconate titanate (PZT),
a piezoelectric ceramic material.
During the past ten years, many researches have been accomplished in the field
of vibration control of flexible structures by using piezoelectric sensors and actuators
[2, 3, 4]. The field of smart structures involves a broad range of technologies th at
enable the realization of structural materials and systems th at are able to sense and to
control their own behaviors, to achieve much higher levels of operational performance
than conventional materials and structures. The effectiveness of using active control
with piezoelectric materials has been demonstrated by many researchers. However,
most of the control designs have been applied to the beam-like structures.
On the other hand, panel flutter has been encountered in the operation of aircraft
and missiles at transonic and supersonic speeds. It is a large-deflection limit-cycle
1
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oscillation excited by the airflow, which is only on one side of a panel. The flutter
deflection of a simply supported panel is shown In Figure 1.1, where the deflection
is exaggerated. The actual deflection of panel flutter is in the order of the panel
thickness. But, this is a large-deflection already, which has great effect on panel
inplane tension. The nature of panel flutter is a balance among the unstable linear
panel, the aerodynamic force and the tension induced by the inplane stretch of a largedeflection motion. The earliest reported structural failures th at can be attributed to
panel flutter are the failure of early German V-2 rockets during World War II [5, 6]. A
recent panel flutter failure was reported at the AIAA Dynamics Specialist Conference
[7]. After the flight tests of the F-117A stealth fighter, cracks due to flutter were found
in about half of lam inated composite skin panels. Those panels were then redesigned
and stiffened ,and a weight penalty was paid.

1.1

B ackground

At present, a variety of high speed flight vehicles are either under development or being
considered for development, such as the YF-22 Advanced Tactical Fighter (ATF), the
National Aero-Space Plane (NASP), and the High Speed Civil Transport (HSCT).
All these vehicles feature increased performance in comparison with currently existing
aircraft. Due to the development of these high speed flight vehicles, panel flutter has
received resurgent interest. A thorough summary of both linear and nonlinear panel
flutter research through 1970 was given by Dowell [8]. Reed et al. [9] conducted
a survey in the area of hypersonic panel flutter in support of the NASP program.
Most recently, Gray and Mei [10] gave a complete survey on various theoretical
considerations and analytical methods for the investigation of nonlinear panel flutter
up to 1991. As disclosed in all these surveys, the aerodynamic theory employed for the
most of panel flutter studies is the quasi-steady aerodynamic theory, which includes

2
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Figure 1.1 Flutter Deflection of a Simply Supported Panel

3
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the first-order piston theory [6] and the quasi-steady supersonic theory [11]. For more
complex aerodynamic theory, a full linearized (inviscid, potential) aerodynamic theory
is introduced [12], which can give a b etter aerodynamic prediction near the sonic
speed. At Mach number

> 1.5, the results using the full linearized aerodynamic

theory have a very good match with that using the quasi-steady supersonic theory.
At the beginning of panel flutter research, a lot of efforts were on the determination
of the critical dynamic pressure, which is the dynamic pressure boundary between a
non-flutter motion and a flutter limit-cycle motion (See Figure 1.2). The analyses
didn’t stop at this level. W hat happens when the dynamic pressure exceeds the
critical value? The large-deflection limit-cycle motions were studied. By considering
von Karm an’s structural nonlinearities, Dowell [13] has demonstrated the remarkable
correlation between the experimental data and the theoretical analysis to predict the
panel limit-cycle motion. The classical continuum analytical method uses Galerkin’s
approach in the spatial domain, and the panel deflection is expressed with the linear
normal modes. The direct numerical integration is then applied in the tim e domain.
Dowell [14] determined that four or six linear modes are required for obtaining a
better limit-cycle amplitude and frequency in panel flutter analyses. The phenomena
of multi-frequency limit-cycle motion and chaos motion were also found in a bulked
panel [15, 16].
There are many materials which have been classified and tested as smart materials
due to their unique physical properties and characteristics [17]. Of these, shape
memory alloys and piezoelectric materials have been studied extensively.

About

piezoelectric materials, they have been used as sensors for decades. Only recently, they
are used as actuators to control structures. Bailey and Hubbard [18] published one
of the first account of research using piezoelectric layers for structural control. They
developed a dynamic model for a cantilevered beam by incorporating the piezoelectric

4
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(a) No flutter

(b) Flutter

Figure 1.2 Schematic View of the Critical Dynamic Pressure

5
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electro-mechanical relationships into Bernoulli-Euler beam equation. Crawley and
de Louis [19, 20] investigated the electro-mechanical relationships for piezoelectric
patches bonded to or embedded in beams. The optimal vibration control by use of
piezoelectric sensors and actuators has been studied by Hanagud, et al. [21]. Another
vibration control of simply supported beam has done by Burke and Hubbard[22].
Dimitriadis, et al. [23] extended the beam theory to a thin plate structure with
piezoelectric patches symmetrically bonded to opposite plate surfaces. It was shown
th at resultant moments induced by the patches are along the four edges of the patches,
similar to the influence of one-dimensional patches. Crawley and Lazarus [24] gave a
general formulation for isotropic and anisotropic plates with induced strain actuation.
In the area of control of panel flutter response using smart materials, only a few
research papers have been reported [25, 26, 27]. These papers, however, were all
dealing with linear panel flutter. Smart materials were mainly used to increase the
inplane tension of the panel. Then, the critical dynamic pressure will increase under
the piezoelectric inplane force actuation. Scott and Weisshaar also examined the
effectiveness of using piezoelectric material to control panel flutter with the optimal
controller. Since the linear system model can not represent the limit-cycle motion in
panel flutter suppression, the results of panel flutter suppression are very conservative.
Application of piezoelectric materials to suppress wing flutter has been studied both
theoretically and experimentally by Heeg [28]. Experiments demonstrate th a t small,
carefully placed actuators can be used effectively to control aeroelastic response.
It is well known th at collocated sensors and actuators are advantageous from the
viewpoint of stability [29]. In order to achieve effective collocation, some researchers
have investigated the possibility to use the same piezoelectric element as both actuator
and sensor simultaneously [30, 31, 32]. The motivation behind the technique is that
such a self-sensing actuator will be truly collocated and has applications in active and

6
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intelligent structures, such as vibration suppression. The usefulness of the proposed
device was experimentally verified by actively damping the vibration of the structure.
The placement of actuators primarily is dependent on the mode to be controlled.
The placement of piezoelectric actuators for controlling particular free vibration
modes was considered by Crawley and de Luis [20]. An actuator is most effective
in controlling a particular mode if the sign of the strain due to the modal deflection
is the same over the entire area of the actuator.

By considering the problem of

simultaneous placement and sizing of distributed piezoelectric actuators to achieve
the control objective of damping vibrations in a uniform beam, Devasia and others
obtain optimal placement and sizing of the actuators by using a simple numerical
search algorithm [33]. Kondoh et al. [34] used the linear quadratic optimal control
framework to perform sensor and actuator placement, but formulated the problem
such that the solution is initial condition dependent.
A unique characteristic of PVDF and PZT actuators and sensors is th at they are
spatially distributed over the surface which is being controlled. This is in contrast to
discrete actuators and sensors more customarily employed in the control of structures.
Of course, spatially distributed actuators and sensors can be produced by shaping
their geometry before installation. Shaped piezoelectric layers have interesting and
potentially useful properties of their own. Lee [35] showed th at shaped piezoelectric
layers can be used as modal sensors. Using a beam, it was demonstrated th at a sensor
can be designed such th at a prescribed mode of vibration can be sensed independently
by cutting the piezoelectric layer into the shape which is orthogonal to all modes
except for the particular mode of interest. The concept of modal sensors has been
extended to cylinders by Sumali and Cudney [36], and shown to work with more
complex structures.

7
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1.2

O b jectiv e and O u tlin e

Many researches have been conducted in the vibration control of different structures
using piezoelectric actuation. The objective of this research is to analytically study
the panel flutter limit-cycle suppression with piezoelectric actuation using vibration
control techniques.

This is an interdisciplinary research, which includes control

theory, aeroelasticity and piezoelectricity.
The dissertation is organized as follows.
objective of this research is stated.

In Chapter 1, the background and

Chapter 2 deals with the characteristics of

piezoelectric materials. The linear piezoelectric constitution relations are given, and
some im portant factors are discussed. The mechanism to produce bending moments
and inplane forces is illustrated. The actuator configurations are given. In Chapter 3,
an effort has been made to keep the derivation of formulation as general as possible.
For a simply supported panel with piezoelectric layers placed symmetrically with
respect to the midplane of the panel, the nonlinear dynamic equations of motion are
derived by applying Galerkin’s method to von Karm an’s large deflection equation.
The aerodynamic force is predicted by using the the first-order piston theory or quasi
steady supersonic theory, which is well-known in panel flutter analyses. Chapter 4
is devoted to controller design methodology. For the linear controller design, the
dynamic modal equations are linearized, and the feedback controllers are developed
for the bending-moment actuation with given inplane-force actuation. The methods
of linear controller design are introduced, which are linear quadratic regulator (LQR),
linear quadratic Gaussian (LQG) dynamic compensator and proportional derivative
(PD) controllers. For the nonlinear controller design, Lyapunov stability theory is
applied to the nonlinear dynamic model. The controller consists of two parts. One is
the linear part, and another is the nonlinear part. In Chapter 5, numerical simulations
based on the nonlinear modal equations of the panel are performed to demonstrate the

8
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effectiveness of nonlinear panel flutter suppression with the piezoelectric actuation,
and the effects of different parameters are discussed. By using the controllers, the
linear part of dynamic system will be stable theoretically, which means the flutter will
not occur. But, because of the limitation of the operational voltage of the piezoelectric
materials, the success of panel flutter limit-cycle suppression depends largely on the
dynamic pressure. In Chapter 6, a brief introduction of piezoelectric actuators and
sensors is presented. The sensor equations for the panel are discussed. The bending
sensor is introduced, which only senses the curvature change of a panel. The actuator
and sensor design methodology is presented for panel flutter suppression. By using
properly designed sensors, it is possible to achieve the optimal control performance
with a simple fixed-gain PD controller. Beside the design of shape and location of
actuators, the method to design the optimal thickness of actuators is also presented.
In Chapter 7, some conclusions have been drawn from this research.

Numerical

results demonstrate that piezoelectric materials are effective in nonlinear panel flutter
suppression.

9
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Chapter 2
PIEZOELECTRIC MATERIALS
The most commonly used piezoelectric materials for vibration control applications
include poly-vinylidene fluoride (PVDF), a semicrystalline polymer film, and lead
zirconate titanate (PZT), a piezoelectric ceramic material. The ceramic form (PZT)
generally is stiffer and has large electro-mechanical coupling coefficients. Thus, it is
better suited for actuator applications. The film product (PVDF), on the other hand,
has higher voltage limit with lower stiffness and coupling coefficients. Therefore, it
is better for sensor applications. Piezoelectric layers are bonded to the surface of, or
manufactured into flexible structural members. Then, the actuation and sensing can
be achieved in material level.

2.1

C h a ra cteristics o f M a teria l

Piezoelectric material has two distinctive effects. It can develop an electrical charge
when subjected to a mechanical strain, which is called the direct piezoelectric effect.
The converse piezoelectric effect, which is the development of a mechanical strain
when subjected to an electrical field (See Figure 2.1), can be used to induce inplane
forces and bending moments, and actuate a structure. Both piezoelectric effects are

10
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shown in Figure 2.1. Thus, the actuation of a structure may be accomplished at the
m aterial level. These direct and converse piezoelectric effects form a basis in use of
piezoelectric materials as sensors and actuators, respectively. As in Figure 2.1, the 3
axis is parallel to the direction of polarization within the piezoelectric material. This
direction is established during manufacturing by a high DC voltage th at is applied
between a pair of electroded faces to activate the material. The poling direction
points from the positive to the negative poling electrode. For a piezoelectric ceramic,
poling cause the ceramic to grow in the electric field direction and to shrink laterally,
roughly according to Poisson’s ratio.

2.2

E lectro -M ech a n ica l R ela tio n s

There are many nonlinear phenomena in piezoelectric materials. B ut, in the most of
analyses, the linear constitution relations are often used to describe the behavior of
piezoelectric layer. For a thin piezoelectric layer, the linear constitution relations can
be expressed as [37],

<rx

1

I 'd

0

vp

1

0

0

0

Ep
°y

Txy

1-1/2
p

Dz =

£ 3 3 6 3

•

'

/

^31
< ey

- —e3 « dz2 ►

\ \ Ixy >
+

e 31ex + e 32ey +

' \
(2.1)

\ dz6 >/

e 3 6 7xy

( 2 .2 )

where Dz is an electric displacement, which is the electric charge per unit area.
Equation (2.1) represents the relation between the stress and an applied electric field,
which is used in modeling the actuators, and is a basic equation for piezoelectric
actuation.

Equation (2.2) gives the relation between the electric charge and the

mechanical strain, which is used in modeling the sensors. The total electric charge

11
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Figure 2.1 Piezoelectric Characteristics
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for a piezoelectric layer can be obtained by integrating Equation (2 .2 ) through the area
covered by electrode. The relation between the piezoelectric stress/charge coefficient
and the piezoelectric strain/charge coefficient
*

can be expressed as

'
e3i
._

i

Ev

vv

0

d$i

vv

1

0

< ai 32

0

0

1

632

1

636

K

1

“

vp

) .

(2.3)

dze

In the analyses of induced strain actuation of a piezoelectric layer, the stress-strain
relationship for the piezoelectric layer is similar to that of a thermoelastic material[ 20].
The therm al strain term is replaced by the piezoelectric term . The existing software
for therm al analysis can be used to analyze the effect of piezoelectric materials.

2.3

In p lan e Force and M o m en t A c tu a tio n

For a given application, the proper piezoelectric material is chosen based on the
stiffness property, flexibility, electro-mechanical coupling coefficients, limits on applied
voltage and density of the material.

A typical laminated aluminum panel with

piezoelectric layers, shown in Figure 2.2, contains two piezoelectric layers of equal
thickness placed symmetrically with respect to the midplane of the panel.

The

poling directions of both piezoelectric layers are parallel to the Z axis. The positive
electric field is shown as in Figure 2.1. The piezoelectric layers (top and bottom)
can be divided into several actuators along the stream line. The shaped actuator
and sensors can be achieved by changing the shapes of electrodes. An actuator set
can be stimulated, such that one layer contracts, another expands, to create bending
moments in the structure (See Figure 2.3). However, the actuator set can also be
stimulated such th at both layers (top and bottom) exhibit the same strain resulting in
nonzero inplane forces (See Figure 2.4). Both induced bending moments and inplane
13
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piezoelectric material

base material

Figure 2.2 Panel Geometry with Piezoelectric Layers
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tensile forces can be used to control structures. The piezoelectric layers will produce
bending moments and inplane forces depending upon the electric field applied by the
controller. If the electric fields on both top and bottom piezoelectric layers are the
same, a pure inplane force will be induced. If the electric fields on both top and
bottom piezoelectric layers are the same in magnitudes, but different in direction,
a pure moment will be produced.

If the electric fields on both top and bottom

piezoelectric layers are different in magnitude, both inplane force and moment will
be induced.

2 .4

A c tu a to r C onfigu ration s

When an electric field is connected to a piezoelectric layer, only the portion of the
layer th a t is covered by electrode on both sides of the surfaces, term ed effective
surface electrode, will be affected by the externally applied electric field [38]. More
specifically, if the surface electrode on both sides of the piezoelectric layers are S* and
S b, the portion of the electrode which is effective can be approximated by S e = S t (~\Sb
(See Figure 2.5). S e will thus be referred to as the effective surface electrode on both
sides of the layers.
Therefore, we can use the surface electrode to control the location of the force
induced by the electro-mechanical interactions of the piezoelectric layers. In other
words, the input and output characteristics of an actuator is governed by the shape
of piezoelectric layer or the shape of electrode in a piezoelectric layer. This can also be
applied to the shaped sensor design. By varying the shape of electrode, the different
performance can be achieved for a given application.
In this study, three kinds of configurations are considered, which are shown in
Figure 2.6. Panel 1 shows the two-set actuators, which has two actuators. The
extreme configuration for this case is a completely covered actuator. Panel 2 shows

15
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Figure 2.3 Schematic View of Bending Moment Actuation

Figure 2.4 Schematic View of Inplane Force Actuation
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Figure 2.5 Effective Surface of Piezoelectric Electrode

17

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

mm

Panel 1

Panel 2

Panel 3

Figure 2.6 Actuator Configurations
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an one-patched actuator. Panel 3 shows a shaped actuator. Both of panel 2 and
panel 3 is achieved by the shaped electrode of piezoelectric material. This is only a
m atter of convenience by using a classic laminated plate theory to do analysis.

2.5

L ateral S en sin g

As the piezoelectric materials are dielectric, the electric charge generated due to
the external mechanical deformation will be detected, only if the charge is collected
through the surface electrode to an external measurement device. By integrating
Equation (2.2), the electric charge produced by a piezoelectric layer is [38]

qk = J

(£3363 + e3 \ex + e32ey + e367®j,) dxdy

(2-4)

Since we are interested in relating the charge signal to the mechanical deformation
of the structure, we have to find way to set e3 equal to zero. Then, the term related
with e3 will be dropped off. In practical application, this can be achieved by shortcircuit the surface electrodes on both sides of a piezoelectric layer. In this way, the
closed-circuit charge signal generated by the Mh piezoelectric layer only contains the
information of the mechanical deformation. Therefore, the sensor equation relates
the inplane displacements and the curvature of the panel to the closed-circuit charge
signal.

qk = J Jge (e3i£x + e32ey + ezer(xy) dxdy

(2.5)

If displacement is the desired measurement, the charge amplifier which has a very
high input impedance, is connected to the piezoelectric layer. However, if the desired
measurement is the rate of a displacement, a current amplifier made from a regular
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operation amplifier is used. Then, the rate sensor equation can be expressed as

h = 4k = j J

2.6

(e3i 4 + e32ey + e367 iy) dxdy

(2 .6 )

S o m e O p era tio n a l L im its

There are some limits th at should be watched-during the operation of piezoelectric
materials. The operating ranges are confined to some limits to maintain a piezoelectric
material to be linearly elastic and polarized. Two im portant limits for operating a
piezoelectric material are the coercive field and the Curie tem perature. Application
of reverse field causes the piezoelectric material to shrink in the field direction and
grow laterally until a negative coercive field level is reached. The poling action then
switches, and the ceramic grows again. The repoling process changes the piezoelectric
material poling direction and actuation characteristic as well. The coercive field is
defined as the maximum electric field applied opposite to the poled direction, which
does not depolarize a poled piezoelectric material. The Curie tem perature is defined as
the maximum tem perature that a piezoelectric material can withstand before suffering
a permanent and complete loss of piezoelectric activity. Since the thermo-load is not
considered here, the most important limit th at controller should set is the coercive
field, or the maximum operational electric field.
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Chapter 3
FORMULATION
During the past ten years, many researches have been conducted in the field of
vibration control of structures using piezoelectric actuators and sensors. But, most
of the papers are dealing with beams, and the mass of the piezoelectric patch is
neglected. In this chapter, efforts have been made to derive more generalized nonlinear
dynamic equations for a simply supported rectangular panel with piezoelectric layers.
The linear piezoelectric theory is used to derive the equations of piezoelectric actuators
and sensors. For the aerodynamic force, the first-order piston theory and the quasi
steady supersonic theory are introduced for a supersonic flow. There is no intention
in this dissertation to derive the equation of the aerodynamic force.

3.1

A ero d y n a m ic Force

Theoretical panel flutter studies in the last several decades have largely relied on
quasi-steady aerodynamic approximations. This is only a m atter of convenience, and
also gives a pretty good prediction on panel flutter analyses. It also permits an
exact solution to the differential equation of panel motion. This may give us much
understanding about the panel flutter with a little sacrifice of accuracy of aerodynamic
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force. The theories that will be introduced here are the first-order piston theory and
the quasi-steady supersonic theory. The panel is exposed to supersonic flow on one
side.
For Mach number Moo

1, the first-order piston theory is often used in panel

flutter analyses, which is expressed as [39].

oo

dw
dx

1 dw

Voo dt

(3.1)

where q = \prMV^.
The term of piston theory comes from the way to calculate the pressure expression,
which is the pressure on a piston in a long, narrow tube with certain velocity. The
piston theory is a local, zero memory relation, which depends only on the motion
at the same position and time, does not depend upon the motion at other positions
(local effect) or at previous tim e (zero memory effect).
The attem pt to extend the quasi-steady approach to lower Mach numbers has led
to the use of an equation derived from the expansion in reduced frequency of the
exact two-dimensional unsteady flow expression. The quasi-steady supersonic theory
is introduced for the aerodynamic load, which is in the form of [11]
2? dw
dx

Ap = ?

M L —2 1 dw
M L - 1 Voo dt

(3.2)

where /3 = \JML — 1.
It should be noticed that the above equation will reduce to the piston theory
result at high Mach number. When M

, 1, the first term is the im portant one,

and leads to merging frequency flutter at sufficiently large dynamic pressure, in which
the flutter is characterized with the coalescence of modes. At low supersonic Mach
number, i.e. when M L < 2 , the second term gives rise to negative damping.
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Since the above two theories are developed in two dimensional space, the accuracy
to apply them in three dimensional space depends on both Mach number and lengthwidth ratio (a/b). The larger a/b, the larger M

must be for this to hold, roughly,

> a/b.
By comparing the two theories, there is no big difference when Mach number is
large enough, i.e.

1. At the low supersonic Mach number, the result predicted

by the quasi-steady supersonic theory is better than that predicted by the first-order
piston theory.

3.2

S tress R esu lta n ts o f L am in ates

The stress and strain relation of the based structure layer can be expressed as
“

"

1

Vs

0

Vs

1

0

0

0

O'x

’

Es
°y

(3.3)

<

1
1

J S

r-4

T Xy

He*

\

l - i *

For a thin panel, i.e., ( ajh and b/h > 50), inplane inertia, rotary inertia and
transverse shear deformation effects are negligible, von Karm an’s nonlinear straindisplacement relationships are given by

{*}

=

=

du
dx
dv
dy
du i dv
t dy ' dx t

l

■+r

OzY
--z*
( f )2
Odw dvj
dx By d

d^w
dx2
d2w
dy2
c\ d2w
dxdy _

{ 4 } + {e“} - Z{K}

(3.4)

where the membrane strains {e^} and {e°} are due to inplane displacements and
large transverse deflection respectively, and {«;} is the curvature. Then, for based
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structure layer, the basic stain and stress relation can be expressed as

M

= lQ]s({e0} - z{K})

(3.5)

and the basic strain and stress relation of a piezoelectric layer is

M = [ Q U U 0} - *{«} - {*p})

(3.6)

where {e0} ( = {e^} + {e°} ) is the membrane strain. [$]s and [Q\p are reduced
stiffnessmatrices for a based structure layer and a piezoelectric layer respectively,
which can be easily figured out from Equation (2.1) and Equation (3.3).
The stress resultants, per unit length, are defined as

( { N } , { M } ) = f ' {<r}k{l,z )d z

(3.7)

J-h/2

which leads to the constitutive relations for a laminated panel as
'

'

<

N

A

B

M

B

D

M U'
1 KJ K .

where N p and Mp are the inplane force and moments induced by the piezoelectric
actuation. The laminate stiffness matrices are given by

( M , [B], [»]) = t ' ,2
J-h/2

Z, Z2)&

(3.9)

As mentioned earlier, the piezoelectric layers are placed symmetrically with respect
to the midplane.

This symmetrically laminated panel does not exhibit coupling

between bending and stretching. Thus The coupling m atrix between bending and
stretching is [J3] = 0. We also assume th at Poisson’s ratios of both materials are the
24
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same, i.e. ua = vp = v. Then, the stiffness matrices are

E
[A] =
1 —v 2

[D] = D

1 v

0

v

1

0

0

0

(1 —1/)/2

1

v

0

v

1

0

0

0

(1 —v)/2

(3.10)

(3.11)

where
E — —[Esha + Ep (h — hs)]
n

(3.12)

and
(3.13)

3.3

P ie z o e le c tr ic In p lan e Force and M o m en t

In order to use the classical method to investigate the problem of panel flutter
suppression, we assume that
• the piezoelectric material covers the entire top and bottom panel surfaces with
a perfect bonding, and
o the inplane forces induced by the piezoelectric actuators are equal.
It is well known that the piezoelectric materials such as PVDF and PZT have
some interesting properties, i.e.

= c?32 and d36 = 0. For the concise purpose, the

above properties are used in derivation. To generalize the formulation, the actuator
is considered as the summation of small rectangular elements (See Figure 3.1). The
piezoelectric layer is divided into i\T? by N% elements. e\ and e | are the electric
25
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field on the top and bottom piezoelectric layers respectively. The

piezoelectric force

per unit length, which is applied only to the case that all the piezoelectric actuator
elements are used, is
W ) =

J-h/2

[Q}k{<?hiz

(3.14)

Then, the components of {N p} can be derived by integrating the above equation. The
expressions of the components are

= 2] ^ W

^y

i + ^3 2 )ero

E
p hpd31em
1 — 1/

=

2

=

^ l _ PJ/2 ^ ( ^ 3 1 + dz2)Zm

— 2-—— hpdz\em
l — i/

(3.15)

(3.16)

and
N*y = 0

(3.17)

eOT= -(e^ + e^)

(3.18)

where

which is the electric field to induce the inplane force. If two or more actuators are
used, em should be kept the same through out the panel. If the piezoelectric materials
are not completely covered by the electrodes, or part of the piezoelectric materials is
inactive, em should be kept zero.
The piezoelectric moment per unit length is

{Mp} = /

[Q]k{ev}kzdz

J-h/2
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(3.19)

Figure 3.1 Configuration of Small Actuator Elements
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Then, the components can be expressed as

M x = £ Y j Rsietij [H (X - ajj-i) - H (x - x,)] [H (y - y ^ ) - H (y - %•)]
f=i i =1

(3.20)

and

My = £ £
«'=i i=i

[# (x ~ Xi-i) - H { x - x;)] [H {y - y

- H {y - y,-)]

(3.21)

where
i?3i — i?32 = - —^ d z \ h p{hv + hs)

(3.22)

and
ebij ~ 2 (e3ij

e3ij)

(3.23)

which is the electric field ej, on ij-th set of piezoelectric actuator for bending moment.
Heaviside step function H (x ) is used to define the area of the small piezoelectric
actuator set, since the piezoelectric moments only exist within the area covered by
the actuator set. Heaviside step function is defined as

H{x —a) —

1 x > a

(3.24)
0 x < a

and
A
8 (x — a) — — [H(x — a)]

(3.25)

with the property of [40]

f

6n (x — a)g (x) dx = gW (a) (—1)”

J —OO
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(3.26)

3.4

Nonlinear Equations of M otion

By applying the von K arm an’s theory to the large deflection plate, von Karm an’s
large deflection plate equations are derived as [41]
r-—.

d2$ d2w 3 2$ d2w
d y 2 d x 2 + d x 2 dy2

d2$ d2w
dx dy dxdy ~

d2w
P ~ m °~dt2

d 2M l

d 2M$
^

^

and
J _ v 4* = I Q2w
Eh
\dxdy)
where m 0 =

_ Q2w Q2w
d x 2 dy2

f3 981
^
'

+ 2pPhp is the mass density per unit area of panel, $ is the Airy

stress potential function. The inplane stress resultants are obtained from

dy2
a 2$
Nv =
y
dx2
a 2$
“ ~ M i

(3' 29)

Note that the introduction of $ allows the inplane equations of equilibrium to be
identically satisfied
dN x dN xy
dx + dy

The boundary conditions for a simply supported rectangular panel are

u( 0 , y) = u(a, y) = u>(0 , y) = tu(a, y) = 9 ^ ° 2’^ = 9

^ = 0

u (x ,0) = v(x, b) = w ( x , 0) = w (x , b) = 9

^ = 0

-
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(3.31)

3.5

Nonlinear M odal Equations

For a simply supported rectangular panel, the mode shapes are a set of orthogonal
sine functions. Then, the deflection of a simply supported panel can be expressed as

w

.

. (n'Kx\ . ( miry\

=??A
"”sm
l~Jsm
rrJ

(3.32)

For the panel flutter limit-cycle analyses, only the first spanwise mode is needed,
i.e., m = 1. The modal shapes are shown in Figure 3.2. Then, the flutter deflection
can be expressed as
w — ’Y^A-n sin

sin (~^f)

(3.33)

The sine functions have the following properties:

f a . /’rmrx\ . fn'Kx\

I s,H ~]smn rri=

m =n

fa

m =n

( rmrx\

( mrx\

L cosI t j“sIt; dx=
f

0

Jo

frTVKx\ . f m r x \ ,
cos I
I sin I
I dx =

n
m =n

^ j m - i r + 2i
it

m 2—n 2

,
m

T

(3.34)
n

The Airy stress function of Equation (3.28) can be solved by

(3.35)

where 4^ is the homogeneous solution, which can be expressed as

= \ ( NxV2 + NyX2 ” 2Nxi>x y )
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(3.36)

Figure 3.2 Modal Shapes (A = 0)
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where N x,Ny and Nxy are constants of integration determined by the inplane boundary
conditions, piezoelectric inplane forces are included in the equations blow, see Dowell
[14] for the solution procedures,

Nx

Ny

Zm-‘A l + v ( a / b y Z A l
Q Q,„
o

1 —I/2

q a,„

l —I/2

o

-N p

(3.37)

- N yp

(3.38)

N xy = 0

(3.39)

and $ p is the particular solution,
m(s + m)
(s + m)irx
------------- r r - C O S -----------------------(s + m)4
a
,
+ ^E
s
+-

/ x m (s ~ m )
(-s —m)irx
t)4
r c o s ---------—
(s
—
m
a
m

Eh
4 \NV/
bj

A 3A mm(s + m)
(s + m)7ra:
cos
|vVs [ m( s + m )2 + 4(a/6 )2]2
A sA mm(s — m)
2tty
( s ~ m)7ra:l
cos
cos
[(s —m )2 + 4(a/6 )2]2
a
J

(!)’{££

+E E

(3.40)

By applying Galerkin’s method to Equation (3.27), the nonlinear modal equation
in nondimensional form can be expressed as
d2an
ddn
+ yJ^Ca
dr2

a

H i)'

2 nr
[l - (-I)"* * ] ar
n2 — r2

4a 3
Dkb

Vi

(3.41)
yt-i
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where
D_
\rriaa
the expressions of nonlinear coefficients Ci (i = 1 ,...,6) are given in Appendix A.
For the panel flutter analyses, several nondimensional parameters are used. One
of im portant parameters in panel flutter analyses is the nondimensional dynamic
pressure. If the first-order piston theory is used to predict the aerodynamic force,
then the nondimensional dynamic pressure is defined as

A=S

<*■">

If the quasi-steady supersonic theory is used to predict the aerodynamic force, then
the nondimensional dynamic pressure is defined as

X= W

(3'44)

Another commonly used nondimensional param eter is the mass ratio between air and
panel, which isa im portant factor of the aerodynamic damping. It is defined as

" = ^TYIq

<3-45>

For the aerodynamic damping term , a nondimensional coefficient ca (associated with
the dan/ d r term) is defined, which is a function of

and mass ratio /i. If the

first-order piston theory is used to predict the aerodynamic force, then ca can be
expressed as
* = £

(3.46)

If the quasi-steady supersonic theory is used to predict the aerodynamic force, then
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ctt can be expressed as
(m i -2 \
\M%o — l )
It should be noted th at as

(A
\fi)

(3.47)

>• 1, the nondimensional aerodynamic damping

coefficients defined by using both aerodynamic theory will be much close.
The modal equations of motion for nonlinear flutter with piezoelectric layers,
Equation (3.41) can be then expressed in a standard second order differential equation

M i ^ +H^

(3.48)

+ I 'K + K ^ z = GUh

where

K = I<3 + I<pUm + I<aA

(3.49)

Z is a vector form of the general coordinates an. K a is a stiffness m atrix of the
structure.

K v is a stiffness m atrix caused by inplane actuation.

K a is a skew-

symmetric m atrix induced by airflow which is responsible for the dynamic instability,
and introduces the coupling between the modes. K 2 is a nonlinear m atrix caused by
the large deflection. G is a system input matrix. Um and Ub are normalized control
variables for inplane force and bending moment respectively, and other terms are
straight forward. It is noted that

Um

1

Ub

£772

(3.50)

€>b

where emax is the maximum operating electric field of the piezoelectric material. em
is a scalar, since the electric field for inplane force is assumed to be the same for all
the actuator elements. e& will be a scalar if one actuator is used, or a vector if more
actuators are used.
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Chapter 4
CONTROLLER DESIGN
There are many methods to design a feedback control system. In this chapter, the
most commonly used controllers for vibration control are presented. Each controller
has its own property. Linear quadratic regulator (LQR), which is an optimal controller
for a linear system, does not consider the measurement of system states. It assumes
that system states can be obtained accurately. The advantage is th at LQR has a
systematic control design method for a given quadratic performance index. On the
other hand, linear quadratic Gaussian (LQG) dynamic compensator deals with system
with the presents of process noise and measurement noise. The performance of LQG
may be not as good as that of LQR. But, LQG is more practical in the real control
design, which consists of a state estimation and an optimal controller. In dealing with
the real control design, proportional derivative (PD) feedback controller is often used,
and is the most simple controller. PD controller feeds back the signal from sensor
directly. Its performance largely depends on the shape and placement of sensors
and actuators. Finally, a nonlinear controller based on Lyapunov’s direct method is
presented. It is interesting to see how the nonlinear part of controller plays the role
in panel flutter suppression.

35

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

4.1

S y ste m E q u ation s in th e F irst-O rd er Form

Active control theory for time-invariant systems described by first-order dynamic
equations has been well established for decades, although problems still exist in
real tim e implementation, particularly for large dimensional models. Most control
software tools today are also written in first-order forms. For applications, engineers
can simply convert whatever models they have to their first-order forms, then use the
existing tools to design the controllers.
For the suppression of panel flutter limit-cycle motions, the key point of the
controller design is to introduce an equilibrium point at system origin, which is defined
as the state without deflection. The control design is based on the system linearized
at system origin. The high order terms of Equation (3.48) will be simply dropped off.
Then, the second-order dynamic equation can be expressed
n dPZ
rrdZ
y~TT
M - j —t + H —— I- K Z = GUb
dr£
dr

(4.1)

Thus, the state space equation can be expressed as
dX
— = A X + BU
dr

(4.2)

where

I

—M ~ l K

-M ~ 'H

k

z

*

, U = Ub.

II

II

II

0

O

z

f .... ..

*

i

*

(4.3)

M ~'G

It should be noted that piezoelectric actuators can produce both inplane forces
and bending moments. The stiffness m atrix of the panel will vary with an inplane
force actuation Um, which can change dynamically or statically. For a given Umi the
inplane tension force will increase the critical dynamic pressure of the panel, i.e. it will
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increase the flutter free region. In this research, there is no intention to use inplane
forces for the active feedback control. Then, the active control variable becomes
Ub which induces bending moment only. Due to the limitation of the maximum
operating field of the piezoelectric material, for a given Um, there is a constraint for
the normalized control variable during the numerical simulation,

\Ub\ < l - \ U m\

4.2

(4.4)

C o n tro lla b ility an d O b serv a b ility

The ideas of controllability and observability were introduced by R. E. Kalman in the
mid 1950’s. They play an im portant role in the design of control system in state space.
In fact, the condition of controllability and observability may govern the existence of a
complete solution to the control system design problem. Controllability is a property
of the coupling between the input and the state. Observability is a property of the
coupling between the state and the output.
D e fin itio n of c o n tro lla b ility : A system is said to be controllable if and only
if it is possible, by means of the input, to transfer the system from any initial state
x(to) = xq , to any other state x{t\) = x\ in a finite time t\ — to > 0.
A lg e b ra ic c o n tro lla b ility th e o re m : The time-invariant system x = A x + B u
is controllable if and only if the rank rank(Pc) of the controllability test m atrix

Pc = [ B

AB

...

A n~xB ]

(4.5)

is equal to n, the order of the system.
From the above definition, if the system is not controllable, the control design is
groundless. Therefore, it is very im portant to check the system controllability. Since
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the controllability with given system m atrix A depends on the system input matrix
B, which is governed by the shape and placement of the actuators, the controllability
is first consideration during the actuator design.

Definition of observability:

An unforced system is said to be observable if

and only if it is possible to determine any (arbitrary initial) state x(to) = xo by using
only a finite record, y ( t) for t0 < t < ii, of the output.

Algebraic observability theorem: The (unforced) time-invariant system x =
A x with the observation vector y = Cx is observable if and only if the rank rank(P0)
of the observability test m atrix

Po = [ C '

A 'C

...

(A')n~l C' }

(4.6)

is equal to n, the order of the system.
From the above definition, if the system is not observable, it is impossible to
predict the states of system from the measurements, and to do the feedback control.
Since the observability with given system m atrix A depends on the observation matrix
C, which is governed by the shape and placement of the sensors, the observability is
first consideration during the sensor design.

4.3

Linear Q uadratic R eg u la to r

The linear quadratic regulator starts from a quadratic performance index, which
consists of the system energy and control effort. The quadratic performance index
for an optimal control can be formulated as

J =

I2 Jo[ ° ° (X t Q X +

UTRU)dr
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(4.7)

where the control weighting matrix R is a positive definite matrix, and the state
weighting m atrix Q is a positive semi-definite matrix. It is obvious th at matrices
R and Q control the importance of system states and control inputs in the design
process. In other words, matrices R and Q will govern the control law. If saving
control energy is the first priority, a bigger R, or a smaller Q, should be considered.
If a bigger damping rate is needed, a smaller R , or a bigger Q, should be considered.
The weighting m atrix R can be chosen in many ways. The simplest one is an identity
m atrix multiplied by a positive number. The weighting m atrix Q can be chosen by
the energy weighting method
r K

0

0

M

(4.8)

Q=

or by Bryson’s rule
Qa — 2

(4-9)

which give a uniform weighting of all the states. In order to use Bryson’s rule, the
maximum values X{ of all the states have to be know before the control design.
From the optimal control theory, the optimal controller for this linear quadratic
regulator problem is
U = - R ~ 1B t P X

(4.10)

where P is a positive definite matrix, which is obtained from the following algebraic
Riccati equation (ARE) [42]

A t P + P A - P B R ~ 1B t P = - Q

(4.11)

For a given quadratic performance index, the optimal controller can be easily
obtained after solving the above ARE.
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4 .4

Linear Q u adratic G aussian D y n a m ic C o m p en sa to r

In the physical world, it is difficult to measure system states accurately, or model the
system exactly. The measurement noise and process noise are inevitable. In some
other cases, the number of measurement is usually less than the number of states, and
system states are not always directly measurable. Thus a state estimation is needed
to get system states for feedback control. Then, linear quadratic Gaussian dynamic
compensator is introduced, which is the controller with LQR control law, and uses the
estimated states from an optimal Kalman filter. In Figure 4.1, the process of LQG
controller is demonstrated. The difference between the LQR and LQG controller is
that LQR controller uses the true states for feedback, well LQG controller used the
estimated states for feedback. Then, the performance of LQG controller relies on
the performance of the state estimation. If true states can be obtained, the same
performance will be achieved.

4.4.1

O p tim a l E stim a tio n : K alm an F ilter

For the system with both noise dynamics and sensors, the first-order dynamic equation
and observation equation can be expressed as
dX
— = A X + BU + £
Y —CX + 6

(4.12)

where £ and 9 are uncorrelated zero mean Gaussian white noise process with the
covariance S = E{££T} and 0 = E{69T}.
Filer gain m atrix L for the state estimation is found to minimize covariance of a
estimation error. The estimation error is the difference between the estimated state
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and the actual state. Then, the optimal state estimation is found as

y y = A X + B U + L C r e ~ 1( Y - Y )
ar
A

A

Y = CX

(4-13)

Filter gain m atrix L is obtained from the solution of a m atrix Riccati equation
just as for the LQR. Corresponding Riccati equation is

A L + L A t - L C T<d~l GL = - E

(4.14)

LQG dynamic compensator can be obtained by coupling state estimation with
LQR. The feedback controller is given as

u = - R ~ 1B t P X

(4.15)

Since estim ated states are used for feedback control, the performance of LQG can
not be better than LQR. But, they may get every close by carefully designing of the
optimal state filter.

4.5

P ro p o rtio n a l D eriv a tiv e F eedback C o n tro ller

A general linear dynamic system can be represented by Equation (4.1). Then, system
equation with observation vector can be expressed as
.,d?Z
r JZ
_ 7r
M
+ H —— |- K Z = GUb
ar*
ar
Y = C{

Z
Z
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(4.16)

Then, proportional derivative (PD) feedback controller can be expressed as

U = -F Y

(4.17)

where F is a feedback m atrix for the controller. There are many ways to design
the feedback m atrix. Root locus method is easier to use for single input and single
output system, i.e. one actuator and one sensor case. In this case, F is a scalar. The
performance of controller depends largely on the observation m atrix C, i.e. the shape
and placement of the sensor. It should be noted that it is possible to design the shape
and placement of the sensor to achieve the performance of an optimal controller. This
will be addressed in the following chapter.
For collocated piezoelectric sensor and actuator or a self-sensing actuator, the
observation m atrix C can be expressed as

oG7

0

0

rdGT

C =

(4.18)

where rp and rd are measurement constants. Then, the PD controller is

U = kpGTZ + kdGTZ

where

(4.19)

kpand kd are feedback gain constants. For a given shape and position of

collocated sensor and actuator, kp and kd should be chosen in the way to keep the
linear part of system stable, and keep the damping parts of poles as small as possible
to get the larger flutter free region, since the less the damping parts, the smaller the
control effort. Then, the closed-loop system equation can be expressed as

a,T£

+ (H - kdGGT) ~ + (I< - kpGGT) Z = 0
dr
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(4.20)

4.6

Nonlinear Controller

For most applications known today, linear models are used for controller design
because they are much more tractable than nonlinear ones. Clearly, if controllers
are designed by using linear models and satisfy the performance requirements, there
is no need for nonlinear models. A nonlinear model might be conceptually satisfactory,
but it is of little use if we cannot leam anything about its behavior.

However,

it is clear th at the dynamic content of linear models may not be rich enough to
describe many phenomena associated with panel flutter. It is vitally im portant to
understand how the behavior of a system changes if its equation changes, for example,
from a linear model to a nonlinear model. One of the most obvious reasons for
considering its importance is the robustness issue. Errors in a system model can
destroy the system stability even though the controller designed originally satisfies
the performance requirements.
There are many methods available for designing feedback controllers of nonlinear
systems [43]. Among them, Lyapunov’s direct method is often used to design the
nonlinear controllers. Since the sufficiency condition for system stability is provided,
Lyapunov’s approach is very conservative.

4.6 .1

L yap u n ov’s D ir e c t M eth o d

Lyapunov’s direct method generalizes the proposition th at a system seeks its lowest
energy state. Lyapunov generalizes a functional V, the Lyapunov functional, being
a measure of energy using coordinates consisting of the system’s state variables
x(t) and its derivatives. He asserts th at the system will seek the lowest level of
generalized energy if it is stable. In doing so, a sufficient (if not necessary) condition
is that his candidate for the generalized energy evermore decreases, suggesting its
derivative with time be negative. That the system be exclusively nonlinear is of
44
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no consequence, so Lyapunov’s approach applies equally well to linear system. It
should be noted that Lyapunov’s direct method does not suggest the precise form
the measure of generalized energy should take, leaving it to be discovered and to be
specialized for each system being analyzed. Nor did it specify th at there is only one
such candidate from which we m ust admit the possibility of many. And finally, it
never even guaranteed that there is a candidate!

Lyapunov Function
In determining whether the system is stable, Lyapunov introduced what is called
Lyapunov function. Lyapunov function V ( x ) has the following properties[44]:
1. V(x) and its first derivative(s) are continuous,
2. V(0) = 0,
3. V{x) > 0 for all |x| > 0, and
4. lim^i^oo V(x) — oo for all x.
The function V is termed positive-definite whenever condition 2 and 3 exist.

Lyapunov’s Stability Criteria
W ith the definition of Lyapunov’s function above, the system stability can be defined
as following,
• The system is stable throughout the region where dV/dt is negative-semidefinite
for all nonzero x and t > 0.
• The system is asymptotically stable in the region if dV/dt is negative-definite.
• The system is globally asymptotically stable if dV/dt is negative-definite in the
entire state space governed by the variable x.
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4.6.2

Nonlinear Controller Design

The state space equation of Equation (3.48) can be expressed as

X = A X + A 2X + B U

(4.21)

where
0

Ao =

0
(4.22)
0

In order to use Lyapunov’s direct method, we have to choose a Lyapunov function.
Let a Lyapunov function is defined as [43]

V = X TP X

(4.23)

where P is a symmetric and positive definite weighting m atrix. By taking a derivative
with respect to r of the above equation, we have

V = X TP X + X TP X

(4.24)

Let us assume the controller is in the form of

U = - - B T ' B t P X + U3

(4.25)

Ci

where U3 is the nonlinear part of controller, and R is a positive definite weighting
matrix. Then, substituting Equations (4.21) and (4.25) into Equation (4.24), we have

V = X t (At P + P A - P B R ~ 1B t P ) X
+ X t (A *P + P A 2) X + 2X t PB U 3
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(4.26)

From the Lyapunov stability criterion, the system is asymptotically stable in the
region if dV/dt is negative-definite, i.e. dV/dt < 0. So we let

ATP + P A - P B R ~ 1B t P = - Q

(4.27)

where Q is a symmetric semi-positive definite matrix. We can see th at this equation
is an algebraic Riccati equation. It is well known th at Riccati equation produces
a positive definite m atrix P for a given positive definite m atrix Q if the system is
controllable. Since the m atrix P from Riccati equation is a positive definite matrix,
the requirement of above Lyapunov function is satisfied. Then, the system will be
stable if the following condition is satisfied,

X T{ A l P + P A 2) X + 2X t PB U3 < 0

(4.28)

The nonlinear part of controller is designed based on the above equation. For a
single actuator case, it can be chosen as

a fl/II
^3 =

^0

if |II| > ILtm and < 0
if |n| < n /ira

(4.29)

—20:11/11 if |II| > II/,•m and ft > 0
where fl = X TP A 2X , II = X TP B , II/,m is a limit value to activate the nonlinear
part of controller, and a is a positive constant which adjusts the nonlinear control
authority.
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Chapter 5
NUMERICAL SIMULATIONS
In this chapter, numerical analyses are based on the panel shown in Figure 2.2, i.e.,
a simply supported rectangular panel with two piezoelectric layers th at cover both
surfaces of the aluminum panel. PZT is used for the piezoelectric layers. The physical
parameters and the geometry of the model are listed in Table 5.1 and Table 5.2.
The Runge-Kutta method is used for numerical integration. For analyses involving
with flutter limit-cycle motions, nonlinear modal equations are used to simulate the
panel dynamics. Panel flutter limit-cycle motions are obtained by the integration of
system modal equations. Panel flutter suppressions are demonstrated by turning on
controllers after the limit-cycle motion being obtained.

5.1

O p en -L oop S y ste m R o o ts

The panel flutter is induced by the aerodynamic flow on one side of a panel. The
critical dynamic pressure can be easily calculated by the eigenvalue analyses of linear
system equation under different dynamic pressure (See Figure 5.1). The circular
frequency and damping of the panel linear dynamic system varying with the dynamic
pressure are shown in Figure 5.2. As the dynamic pressure increases, the circular
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panel length, a
panel width, b
panel thickness, h
aluminum thickness, hs
mass density, ps
Young’s Modulus, E s
Poisson’s ratio, vs

in
12.0
in
12.0
in
0.06
in
0.05
0.2588 x 10"3 lb-sec2/in 4
psi
10.0 x 106
0.3

Table 5.1 Panel Geometry and Aluminum Parameters

piezo, thickness, hv
in
0.005
Charge Constant, d31 -7.478 x 10~9
in/v
in/v
Charge Constant, d32 -7.478 x 10~9
in/v
Charge Constant, <f36
0
mass density, pp
0.7101 x 10“3 lb-sec2/in 4
Young’s Modulus, Ep
psi
9.0 x 106
Poisson’s ratio, vp
0.3
Coercive Field, emax
v/in
15243
Table 5.2 Properties of Piezoelectric Material(PZT)
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frequencies of the first and second modes get closer. Finally, they coalesce, and the
dynamic pressure A at this point is called the critical dynamic pressure (A„ = 512),
if the aerodynamic damping ca is neglected. After coalescence of the first two modes,
the real parts of eigenvalues (damping) are split (See Figure 5.2), one towards the
negative side, and the other towards the positive side. The dynamic pressure A ,
whose real part of coalescence modes reaches zero, is defined as the critical dynamic
pressure (Acr = 514) if the aerodynamic damping ca is considered. When A passes
this critical point, the system becomes unstable based on linear theory. W ith a small
disturbance, the amplitude of the panel deflection diverges. However, because of the
nonlinear effect of the panel, the amplitude stays in a certain value, and panel flutter
occurs with a limit-cycle motion. As A increases further, the third and fourth modes
coalesce, then the fifth and sixth modes coalesce too.

5.2

E ffects o f th e N u m b er o f L inear N o rm a l M o d es

When Galerkin’s method is used to model the panel flutter dynamics, the panel
deflection is represented by the combinations of many linear normal modes. To choose
the number of linear normal modes is not a trivial problem, since too many linear
normal modes will lead to tremendous calculation cost, and too less linear normal
modes will lead to poor results.
Since the critical dynamic pressure is very im portant in panel flutter studies, it is
interesting to see how the number of linear normal modes affects it. In Figure 5.3,
the plot of the critical dynamic pressure vs. the number of linear normal modes is
shown. The critical dynamic pressure has a little change after the fifth mode. It can
be concluded that at least five normal modes should be used to determine the critical
dynamic pressure, and to simulate the panel flutter dynamics. If we just want to
assure the accuracy of the critical dynamic pressure, at least five linear modes should
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be used. Dowell [14] determined that four or six linear modes are required to obtain
a better limit-cycle amplitude and frequency. Thus, six linear normal modes are used
for numerical analysis.

5.3

S olvin g P ro ced u res

For panel flutter suppression, the panel flutter limit-cycle motions are obtained first
by the integration of nonlinear modal equations. Then, the controller is turned on to
suppress it. All these calculations are conducted in tim e domain.
The integration time step is chosen to be about one tenth of the smallest period
of the normal modes i.e. 6r = 0.0015. The flow chart of computer program for panel
flutter limit-cycle motions is shown in Figure 5.4. Arbitrary initial conditions for the
system states are chosen. No m atter what kind of initial conditions are given, the
system will end up with a limit-cycle motion. In certain range of dynamic pressures,
many stable limit-cycle motions can be obtained by using different initial conditions.
More discussions will be given in the following section. By given a tim e step,a final
time and a dynamic pressure, the time response of the system can be calculated. If a
stable limit-cycle motion is not achieved, program will read the last states of previous
calculation as new initial conditions, and continue to calculate until a satisfied limitcycle motion is obtained.
In numerical simulations of the panel flutter suppression, a controller module and
a suppressible realization module are added. The flow chart of computing scheme
is shown in Figure 5.5. For a given dynamic pressure, the initial conditions of the
system states are calculated based on the previous results of the limit-cycle motions.
The suppressible realization module determines whether the panel flutter at the given
dynamic pressure can be suppressed or not. Then, the flutter suppressible region can
be obtained.
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Figure 5.5 Flow Chart for Panel Flutter Suppression
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5.4

L im it-C y c le M o tio n o f th e P a n e l F lu tte r

The panel flutter is induced by the aerodynamic load. W hen the dynamic pressure
passes the critical dynamic pressure, the linear part of system dynamics becomes
unstable. W ith a small disturbance, the amplitude of the panel deflection diverges.
However, because of the nonlinear effect of the panel, the amplitude confines to
certain value, and panel flutter occurs with a limit-cycle motion. For a given dynamic
pressure, the panel limit-cycle motion can be obtained by using the calculation scheme
shown in Figure 5.4.
In Figure 5.6, the maximum deflection of the panel verse the dynamic pressure
is shown. There are two bifurcation points in the figure. The solid line represents
the single frequency limit-cycle motion, which is obtained by decreasing the dynamic
pressure. The dashed line represents the limit-cycle motion obtained by increasing
the dynamic pressure, which may not be single frequency limit-cycle motion. Before
first bifurcation point, the solid and the dashed lines are the same, i.e single frequency
limit-cycle motion. After the first bifurcation point, the solid and the dashed lines
split. Then, they join together again before second bifurcation point.
Single frequency limit-cycle motion can be clearly seen in Figure 5.7. The dynamic
pressure is set to 1,500. The time history is shown in Figure 5.7a. The phase plot of
panel deflection at 79% panel length is shown in Figure 5.7b. From the power spectra
plot in Figure 5.7c, we can see there exist only one dominant frequency component,
i.e. single frequency limit-cycle motion. The rest frequency components are very
small, and hardly seen from time history plot. In Figure 5.7d, the Poincare map
between the panel deflection at 79% panel length and the displacement of system
first mode is shown. The position of the maximum deflection of the panel can be
found from Figure 5.7e. The Wmax positions range between 75% and 83% of panel
length. It is at 79% of panel length in this case, and the Wmax position is about the
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same except within the range of small deflection. The shape of panel deflection with
tim e is shown in Figure 5.7f. There is only a small deflection in the front portion of
the panel. The larger deflection occurs at the back of panel.
Multi-frequency limit-cycle motion is shown in Figure 5.8,where the dynamic
pressure is set to 1,500. For comparison purpose, the deflection of panel is measured
at 79% panel length. In Figure 5.8a, the tim e history plot shows th a t the limit-cycle
motion is not symmetric, i.e. one side Wmax is not equal to the other side Wmax- In
Figure 5.8b, the power spectra plot shows th at the biggest spectral density is at the
lowest frequency, which is smaller than th at in Figure 5.7b. There are more than
six frequencies that have been observed, and there are two relative bigger frequency
components beside the dominant one. They cause the shift of W max position (See
Figure 5.8e) and irregular deflection shape (See Figure 5.8f). A smaller tim e step for
integration is also used to check the possible numerical error. The results still hold.

5.5

C losed -L oop S y ste m R o o ts

When an optimal control is introduced to the dynamic system, the matrices Q and
R will govern the performance of the feedback control. Here, the m atrix R is chosen
as an identity m atrix multiplied by a positive control weighting constant r. The
control weighting constant r = 10,000 is used. The m atrix Q is chosen as the energy
weighting. The piezoelectric inplane force is set to zero, and the aerodynamic damping
ca = 0.01 is considered. The above parameters are default in this chapter involving
the optimal controller.
Figure 5.9 shows the system roots varying with the control weighting constant.
Since the panel dynamic equations vary with the dynamic pressure, the dynamic
pressure is set to 1,500 in this analysis. For the smaller control weighting constant,
which has less penalty on the control input, the closed-loop system has a bigger
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damping. When the control weighting constant is large enough, the system roots
tend to converge to some certain places near the imaginary axis.
In Figure 5.10, as the control weighting constant increases, the circular frequencies
and damping parts tend to converge to certain values, and the damping of the system
is getting smaller. The curves have a less change for the control weighting constant
bigger than 10,000.

5.6

T im e H isto r y w ith th e O p tim a l C on trol

For the completely covered actuator, which is an extreme case of the two-set actuators
or the one-patched actuator. If normalized separating position (x s/ a ) is set to zero
or one, then the two-set actuators become the completely covered actuator.
For the panel flutter limit-cycle suppression, the feedback controller is activated
after the limit-cycle motion is obtained in numerical simulations. Figure 5.11 shows
tim e response of the maximum panel deflection and the feedback control effort. The
A is set to 1,500. Time response of the panel deflection shows a limit-cycle motion
at the beginning. After the controller is activated, the panel deflection is gradually
suppressed. The control effort required at the beginning is bigger than the maximum
normalized electric field, and is cut off due to the control constraint. After a few
cycles, as the amplitude of the panel deflection decreases, the control effort stays
within the maximum normalized electric field. Then, panel flutter limit-cycle motion
is suppressed. The maximum suppressible dynamic pressure Xmax can reach 1,630 with
the optimal control, which is about three times of Acr(= 514). The Xmax is defined
as the maximum A, under which the flutter limit-cycle motion can be completely
suppressed. The numerical simulations show that the panel flutter can be suppressed
completely for any A smaller than Xmax by using the constant control feedback gain.

63

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

Control W eighting C o n stan t

-800
10

■2

,0

10

,2

10‘

104

.6

10

10>10

Control W eighting C o n stan t

Figure 5.10 Frequency and Damping vs. Control Weighting Constant

64

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

Wmax/h

0.1

0.2

0.3

0.4

0.5

0.6

0.5

0.6

Normalized Control Input

Nondimensional Time
1

0

0

0.1

0.2
0.4
0.3
Nondimensional Time

Figure 5.11 Time History of Panel Deflection and Control Effort

65

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

5.7

E ffect o f A ero d y n a m ic D a m p in g and In p la n e Force

It is well known that the inplane force can change the panel stiffness. The inplane
contraction of piezoelectric actuators increases the stiffness and the inplane expansion
of piezoelectric actuators decreases the stiffness.

The aerodynamic damping can

increase the damping of the panel dynamic system. Figure 5.12 shows the inplane
force effect with and without aerodynamic damping.

W hen the inplane tension

increases, Acr also increases. The increase of ACT is only about 20%. The ACT with
aerodynamic damping (dashed line) is slightly bigger than th at without aerodynamic
damping (solid line). The only 6% increase of A^. is observed. For the properties of
piezoelectric material given in this paper, the piezoelectric inplane force is too small
to have a big increase of A

5.8

E ffect o f In p lan e Force and B en d in g M o m en t

There are two kinds of piezoelectric actuation th at can be to control the panel. The
constant inplane-force control Um is used, while the bending moment control Ub is used
as the feedback control. For different values of constant inplane-force control Um, an
optimal feedback control gain for the bending moment C/& can be obtained. Through
numerical simulations using nonlinear modal equations of the panel, the maximum
flutter suppressible dynamic pressure can be obtained, and compared. Finally, an
optimal set of inplane control Um and bending control £/j can be obtained.
Figure 5.13 shows the inplane force effect on Xmax with (solid line) or without
(dotted line) optimal feedback control. The curve with optimal control is obtained by
using the completely covered actuator. Equation (4.4) shows th at the range of control
authority for bending moment varies with the inplane force. When the inplane force
is set to the maximum or minimum value, no bending moment can be induced. As
the normalized electric field for inplane force is between —0.4 and 0.6, the Amax (solid
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line) is increased dramatically and the flutter-free region is enlarged. W ith optimal
control, the Xmax can be increased up to 1,630 th at is about three times of ACT. The
bending moment actuation is more effective in flutter suppression. The piezoelectric
inplane force should be set to zero for better performance of panel flutter suppression.

5.9

E ffect o f S ep a ra tin g P o sitio n o f A c tu a to r s

The system input m atrix G varies with the separating position if the two-set actuators
is used. Figure 5.14 shows the maximum suppressible dynamic pressure \ max varying
with the normalized separating position of the two-set actuators. The Xmax reaches
its maximum value of 2,186, which is about four times of Acr. The best separating
position is in the range from 30% to 50% of panel length. The result shows th at the
two-set actuators perform better than the completely covered actuator.
For the two-set actuators, if only the first (front) set is activated and the second
(rear) set is not activated, the comparison of the maximum suppressible dynamic
pressure is shown in Figure 5.15. This is also a case for the one-patched actuator
placed near the leading edge of the panel. The one-patched actuator (x / a > 0.3)
have better performance than the completely covered actuator.

5.10

E ffect o f C on trol W eig h tin g C o n sta n t

In previous sections, the effects of separating position are discussed. In this section,
one more factor is considered. As we know th at the performance of the optimal
control depends on the control weighting m atrix R for a given state weighting m atrix
Q. The performance of panel flutter suppression relies on feedback control law. The
mesh plot of the Xmax varying with both separating position and control weighting
constant is shown in Figure 5.16. This plot gives a general view about how good the
panel flutter suppression can be for the two-set actuators. In the region of smaller
69
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Figure 5.16 The Maximum Suppressible Dynamic Pressure \ max vs. Normalized
Separating Position and the Control Weighting Constant r
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control weighting constants, the change of Xmax with the separating position is more
dynamic comparing with the region of bigger control weighting constants. In general,
the best separating position is in the range from 30% to 50% of panel length. The
maximum Amax is in the region with bigger control weighting constants. In th at
region, the saturation of the controller will be delayed at the region of smaller A.
The maximum Xmax of 2,559 is achieved during this simulation, where the separating
position is at 30% of panel length and the control weighting constant is 107.
For a one-patched actuator, the actuator with 30% of panel length can have pretty
good performance. Figure 5.17 shows Xmax varying with normalized actuator position
and control weighting constant. The best place of actuator can be clearly seen from
this 3-d graph. The bigger Xmax can be obtained, when the actuator is located near the
leading edge of the panel and the controller is designed with larger control weighting
constant. The maximum Xmax of 2,120 is achieved during this simulation, where the
actuator is located at very front of panel and the control weighting constant is 107.
By comparing two-set actuators and one-patched actuator, Xmax of one-patched
actuator with 30% of panel length is only 9% less than the Xmax of two-set actuators,
and the area of piezoelectric actuator is only 30% of th at of two-set actuators. It may
be concluded th at one actuator is enough for panel flutter limit-cycle suppression.

5.11

E ffect o f th e N o n lin ea r C on trol

To demonstrate the effect of the nonlinear control, the completely covered actuator is
used. For the linear control design, the i2, which is a scalar for single actuator case,
is chosen as a positive constant 10,000. Matrix Q is chosen as an energy weighting
m atrix just as in the optimal control design. For the nonlinear control part, a — 1
and II{,m = 5,000 are used. Figure 5.18 shows time response of the maximum panel
deflection and the feedback control effort. The A is set to 1,500. Time response of the
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Figure 5.17 The Maximum Suppressible Dynamic Pressure \ max vs. Normalized
Actuator Position and the Control Weighting Constant r
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panel deflection shows that there is a limit-cycle motion at the beginning. After the
controller is activated, the panel deflection is gradually suppressed. The control effort
required at the beginning is bigger than the maximum normalized electric field. After
a few cycles, as the amplitude of the panel deflection decreases, the control effort stays
within the maximum normalized electric field. The maximum suppressible dynamic
pressure Xmax can reach 1,683, which is about three times of the critical dynamic
pressure ACT. Comparing with Xmax — 1,630 of the optimal control, the increase of
Xmax with the nonlinear control is very small. From Equation (4.25), the linear part
of the control law is one half of the optimal control law with the same R and Q. This
delays the saturation of the controller comparing with the optimal control. Then, a
little higher Xmax is obtained.
It should be noted that the control effort under the dynamic pressure near the
Xmax is saturated at the beginning (See Figures 5.11 and 5.18). Therefore, it is a
kind of Bang-Bang control. W ithin the maximum suppressible dynamic pressure,
limit-cycle motions can be completely suppressed. The results demonstrate th at the
nonlinear controller is also effective in panel flutter suppression. However, there is no
clear advantage of using the nonlinear control as compared to the use of the optimal
control.

5.12

R e la tio n b etw e en A and

In the previous section, the nondimensional dynamic pressure A is used to measure
the flutter free region. For a given panel, the relation between A and Mach number
Moo can be obtained at a given altitude.
Figure 5.19 shows the relation between A and Moo at sea level, where air density is
pa = 1.1445 x 10-7 lb-sec2/in 4, and the speed of sound is V3 = 13397 in/sec. The plot
is calculated by using Equations (3.43) and (3.44), which represent the aerodynamic
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theory used for analyses. W ith the same A, Mach number obtained by using the
quasi-steady supersonic theory is smaller than that obtained by using the first-order
piston theory. In other words, the panel flutter occurs at lower Mach number if the
the quasi-steady supersonic theory is used. For this panel configuration, the critical
dynamic pressure ACT is 514. The critical Mach number predicted by the quasi-steady
supersonic theory is 2.5, while the critical Mach number predicted by the first-order
piston theory is 2.8.
W hen the dynamic pressure A reaches 1,000, the Mach number is about 5. In
Table 5.3, An approximate classification of the flow regions is given [45]. According
to this table, any increase of A will make the panel be exposed to hypersonic flow.
The aerodynamic theory used for analyses may be not valid any more. The other
aerodynamic theory should be considered for hypersonic speed region in the practical
panel design.

Incompressible subsonic flow
Compressible subsonic flow
Transonic flow
Supersonic flow
Hypersonic flow

0
0.5
0.8
1.2

<
<
<
<

Moo < 0.5
Moo < 0.8
Moo < 1.2
Moo < 5.0
5.0 < Moo

Table 5.3 An Approximate Classification of the Flow Regions
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Chapter 6
ACTUATORS AND SENSORS
It is well known th at the electrode pattern of piezoelectric materials can be shaped
to produce beneficial response of sensors and actuators. Shaped piezoelectric layers
can be used as modal sensors, which only sense the information of certain modes.
Shaped piezoelectric actuators can be designed to control certain modes. Therefore,
the spillover problem in control design can be easily avoided by using the piezoelectric
materials.
Controllability and observability of a structure dynamic system, which depend
on locations and shapes of piezoelectric actuators and sensors, will have a major
influence on the efficiency of the control system and the control effort required to
satisfy design requirements. In most of the cases of vibration suppressions, strain
energy considerations are major concerns in the placement of sensors and actuators.
The active elements will sense and actuate the structure most efficiently if they are
placed in the areas with highest strain energy.

But, for the panel flutter limit-

cycle suppression, it has been found from previous numerical simulations th at the
piezoelectric actuator has better performance if it is placed near the leading edge of
the panel, where the strain energy is smaller than the rear edge of the panel. In
this chapter, the piezoelectric sensor for sensing the curvature change of the panel
79
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is introduced. The shape and placement of actuators and sensors for panel flutter
suppression are discussed. Numerical analysis shows that it is possible to design
piezoelectric sensors to give the signal with information of the optimal control law.
In other words, the optimal control may be achieved by using a simple fix-gain PD
controller with a shaped piezoelectric sensor.

6.1

P ie z o e le c tr ic Sensors

In the following analysis, a perfect bond between the elastic body and the sensor has
been assumed. Piezoelectric sensor is poled perpendicular to panel surface. As the
piezoelectric materials are dielectric, the electric charge generated due to the external
mechanical strain will be collected only through a surface electrode to an external
measurement device. In other words, the charge collected by a surface electrode is
generated by the piezoelectric materials covered by the surface electrode. The surface
electrode performs the integration function equivalent to doing signal processing. This
is also one of the fundamental concepts which is used to create shaped or modal sensor
and actuator.
More specifically, if the surface electrodes on both sides of the piezoelectric layers
are S* and S b respectively, the portion of the electrode which is effective during the
measurement can be approximated by S e = S* fl S b (See Figure 2.5). S e will thus
be referred to as the effective surface electrode on both sides of the layers. One
thing that should be noted is that the concept of the effective surface electrode is an
approximation [38].
By substituting Equation (3.4) into Equation (2.5), the electric charge produced
by a piezoelectric layer is

9k

f f

{

du

1 ( d w \2

- J L [eal ai +5

dw

1 (dw\

+e” a?+5UJ
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dv
du
dw dw
d2w
d 2w
- zk
dx + ^ + dx dy
n ' a x ’ + e32V

+636

d 2w
dxdy

dxdy

(6.1)

where Zk is the Z-coordinate of the midplane of fcth piezoelectric layer.
Since we are not interested in the charge signal generated by the inplane strain,
two sensor layers which are placed symmetrically to the midplane are composed as a
sensor unit, which is shown in Figure 6.1. Then, the charge produced by the sensor
can be expressed as

= / / s . 2 { ” 2‘

d 2w
dx2

631

d2w
oy

d 2w
dxdy

+ e 3 2 ^ ~ y + " 6 3 6 "x 5

}dxdy

(6.2)

By substituting Equation (3.33) into the above equation, the charge signal for a
patched sensor (See Figure 6.1) is

, = 2 * cos ( 3 ) [ • £ | a . ( e s , ^ + eSJ^ ) cos ( = ) [ }

(6.3)

where e36 = 0. Above equation tells us th at the electric charge is the function of the
modal coordinates A n for the given dimensions and location of a sensor. By take time
derivative of above equation, the current signal for the sensor can be expressed as

^

2, c o s ( 7 ) [ ; ?

6.2

{i„ (c 3 ,f + e ^ ) c o s ( = ) Q

(6,)

S h ap ed P ie z o e le c tr ic S en sors

The objective of the sensor design is to determine the shape and the location of
the sensors to achieve the optimal control performance with a simple PD controller.
For the single actuator case, two sensors are needed.

One senses the deflection.

Another senses the deflection rate. Figure 6.2 shows the possible combination of a
one-patched actuator and piezoelectric sensors. From the optimal control theory, the
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poling

Figure 6.1 Configuration of Piezoelectric Sensor
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Figure 6.2 Layout of Piezoelectric Actuator and Two Sensors
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optimal controller for this linear quadratic regulator problem is

U = - R ~ 1B t P X

= -b

(6.5)

FA [ l

The PD controller is formed by direct feedback of the charge and the current
signal from sensors. Then, the feedback control law can be expressed as

U = ~{kpq + kdI) = ~ (F PZ + FdZ)

(6.6)

where kp and kd are scalar constants, q is the charge signal which is related to the
deflection Z. I is the current signal which is related to the deflection rate Z.
First, the deflection sensor is considered. The sensor is divided into n (number of
system degree of freedom) stripes. The charge signal of each stripe can be expressed
as
qi = CiZTSi

(6.7)

where
Ci
<6-8)

which is a design param eter related to the height of the stripes

(SeeFigure 6.3). Since

the sensor is placed symmetrically about the centerline of the panel along the x axis,
we have
y\ + y[ = b

(6.9)

and
d = — cos
The charge signal of the sensor is
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(6.10)

Y

.......

Figure 6.3 Layout of Piezoelectric Sensor Stripes
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q = Y ,q i = Z TSC p
i

(6 . 11 )

T

where S = [ S 1 S2 . . .

Sn ], and Cp = [ Cl c2 . . .

c„

. Then, we have

kpZ TSC p = Z TSC P = FPZ = Z TF j

(6 . 12)

In order to satisfy the above equation, we have

SC P = FpT

(6.13)

So, if m atrix S is full rank, Cp can be expressed as

Ct = S - l F j

(6.14)

If all the elements of Cp have the same sign, this means th at we can combine all the
stripes into one sensor with one piezoelectric layer. If they don’t have the same sign,
then the location and width of the stripes need to be adjusted until all the elements
of Cp have the same sign.
kp = max(|c,|)

(6.15)

C, = y C p
Kp

(6.16)

and

Then, the shape of sensor can be calculated by using Equation (6.10).
For the rate sensor, the same logic as the charge sensor design can be applied.
Then, we have
kdZ TSC p = Z TSC d = Z TF j
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(6.17)

Gd can be w ritten as

Cd = S~xF j

(6.18)

If all the elements of Cd have the same sign, then

kd = max(|ci|)

(6.19)

Cd = ^ -Cd

(6 .20 )

and

Then, the shape of sensor is given by Cd. If all the elements of Cd don’t have the
same sign, then the location and width of the stripes need to be adjusted, until all
the elements of Cd have the same sign. It should be noted th at if the Cv and Cd are
about the same, only one sensor can be used for both deflection and deflection rate
sensing.
For the one-patched actuator, the sensors for a simple fixed-gain PD controller to
achieve the optimal control performance are designed by using the above procedures.
The one-patched actuator is located at the leading edge with the width of 30% panel
length.

The optimal control law is designed at control weightingconstant of

10,000.

The maximum suppressible dynamic pressure Xmax is 1,744 with the optimal control.
For the optimal sensor design, if the dynamic pressure is chosen as the 1,744, the same
result will be obtained just as the optimal control, since the same feedback control
law is used. W hen the optimal control is used, the feedback gain varies with the
dynamic pressure. It might be interesting to the PD control performance by using
the sensors designed at the smaller dynamic pressure. Here, the dynamic pressure
A = 1,500 is used. Since six modes are used in simulation, the number of sensor
stripes should be larger than 12 to get both position and rate sensors. Here, 24
stripes are used. The shape of the position sensor at location x — 0.75 to 1 is shown
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in Figure 6.4. The shape of the rate sensor at location x = 0.5 to 0.75 is shown
in Figure 6.5. Figure 6.6 shows the combination plot of the actuator and sensors.
The optimal control performance can be achieved by using the simple fixed-gain PD
controller, which uses the direct feedback of the information from shaped sensors.
The maximum suppressible dynamic pressure Amax can reach 1,900, which is larger
than \ max = 1,744 obtained by using the optimal control.
The possibility of using one sensor information for PD controller has been explored.
Only one rate sensor is used. The position information can be obtained by the
integration of the signal from rate sensor. Then, the signal is multiplied by a constant
331, which is adjusted to keep the linear part of the system stable. The layout of
the actuator and sensor is shown in Figure 6.7. The maximum suppressible dynamic
pressure Amax can reach 1,830 by using this combination of piezoelectric actuator and
sensor. The performance is even better than that of the optimal control Xmax = 1,744
from the Xmax point of view. But, the time history of states decays with slower
damping rate.

6.3

S h a p ed P ie z o e le c tr ic A ctu a to rs

The electrode pattern of piezoelectric materials can be shaped to produce beneficial
response of sensors and actuators. The shaped actuator and the placement of actuator
have interesting and potentially useful properties. One of the well known properties
is modal actuation. Only the interesting modal is affected by the controller. Then
the potential control spillover problem is eliminated.
There are at least two considerations to design the shape of an actuator for the
panel flutter suppression. One is to get the maximum flutter free region. Another
is to get fair large flutter free region with a smaller size of an actuator. To get the
maximum flutter free region, the numerical optimization method can be used to obtain
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the optimal shape of an actuator. One of the methods is param etric optimization
method, where the shape of the actuator is represented by a series of control points.
Then, the shape of the actuator is obtained by the curve fitting of the control points
(See Figure 6 . 8 ). Each control point is adjusted until the maximum flutter free region
is achieved.
For the panel given in Figure 2.2, the optimal actuator shape is obtained by using
11 control points (See Figure 6.9). The control weighting constant for the optimal
control design is set to 10,000. The maximum dynamic pressure Xmax can reach 1,896.
While the Xmax in Figure 5.15 is 1,811 with the actuator width of 50% panel length.
The location of the optimal actuator is near leading edge of the panel. This is an
unique characteristics of panel flutter limit-cycle suppression.
Beside the consideration of the maximum flutter free region, shape of piezoelectric
actuator can be designed by considering both the flutter free region and the size of
actuator. The method of sensitivity analyses of piezoelectric actuators is used. First,
the piezoelectric layer is divided into many small actuators (See Figure 3.1). Then,
the optimal control is designed by using N* x N-! actuators. The im portant actuators
can be found by using certain criterion. Finally, the shape and location of actuators
are obtained by grouping the im portant actuators.
There are two criteria to define the importance of the actuators.

One is by

comparing the norms of the optimal feedback gain vectors of actuators. The norm
of a vector is defined as the sum of absolute value of each elements (h norm of
a vector). The larger the norm, the more important the actuator. The shape of
the actuator can be easily obtained through the contour plot of the norms of the
optimal feedback gain vectors. Figure 6.10 shows the contour plot of norms with the
control weighting constant of 10,000. The piezoelectric layer is divided into 10 x 24
rectangular actuators. The dynamic pressure A is 1,500. For a given area of actuator,
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the shape of the actuator can be easily obtained from this contour plot. Numerical
simulation has been done by using the actuator shape of the third lowest contour line
(See Figure 6.11). The Amax can reach 1,661, which is only about 12 % less than the
Amo® obtained by using the optimal shape in Figure 6.9, but with half of its area.
Another criterion is by comparing the norms of the control effective matrices of
actuators. The norm of a m atrix is defined as the largest singular value of the m atrix
(I2 norm of a matrix). The control effective m atrix for an actuator is defined as the
product of the system input m atrix and the optimal feedback gain of an actuator.
This is a measure of system change with the feedback controller. The larger the norm,
the more im portant the actuator. The contour plot of norms will control the shape
of the actuator for a given area. W ith the same system parameters as shown above,
Figure 6.12 shows the contour plot of norms. If the actuator shape is chosen as the
third lowest contour line (See Figure 6.13), the \ wax can reach 1,489, which is about
three times of the critical dynamic pressure A^. However, the size of the actuator is
smaller than the one (See Figure 6.11) determined by norms of the optimal feedback
gain.
In summary, the optimal location of the actuator is near the leading edge of the
panel. The shape of actuator can be obtained by criterion of either norms of the
optimal feedback gain vectors of actuators, or norms of the control effective matrices
of actuators.

6.4

C o llo c a te d A ctu a to rs and S en sors

It is well known that collocated sensors and actuators are advantageous from the
viewpoint of stability. Due to the characteristics of the stable controller design and
guaranteed stability robustness offered by collocated control, they are widely viewed
as being superior in many practical applications.
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The collocated sensors and actuators can be achieved by using the same shapes of
sensors and actuators, and placing them at the same place. But, for the piezoelectric
sensors and actuators, it is possible to use the same piezoelectric element as both
actuator and sensor simultaneously. The self-sensing actuator will be truly collocated.
The usefulness of the self-sensing actuator was experimentally verified by actively
damping the vibration of the structure. The sensor information can be obtained by
using a electronic circuit [30, 31, 32], which can be designed to sense either the strain
signal or strain rate signal.
For panel flutter suppression, the best location of an actuator is near the leading
edge of the panel, where there is less strain energy. The self-sensing actuator has to
place near the leading edge of the panel for better performance. Then, the sensor
signal will be weak, and the signal and noise ratio will be lower. Therefore, there will
be many technical difficulties in practical application.
For numerical analysis, there is no big difference to design the optimal controller
with different kinds of sensors. In this case, the advantage of the self-sensing actuator
is that there is no extra sensor unit needed. The states of the system can be obtained
by state estimation. Then, the optimal control or nonlinear control can be used to
suppress the panel flutter limit-cycle motion. If the PD controller is used, the shape
and placement of the self-sensing actuator are very im portant to make the linear part
of the system stable. The controller is designed with the dynamic pressure A of 1,000.
The design of an actuator shape is not a trivial task. First, the front half part
of panel is divided into six stripes. The shape of actuator is changed by varying the
length of each stripe. The eigenvalues of the closed-loop system are calculated. If
all the real parts of the closed-loop eigenvalues are negative, the linear part of panel
dynamic system is stable. The maximum real part of closed-loop eigenvalues is chosen
as a indicator of stability. For the different shape of actuator, the maximum real part
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varying with feedback gain constants is plotted, and compared with previous one.
The selected shape of an actuator should be able to make the system stable with a
smaller feedback gain constants.
W ith the shape and placement of the actuator shown in Figures 6.11 and 6.13, the
self-sensing actuator can not make the linear part of the system stable. By carefully
chosen the shape of the actuator (See Figure 6.14), the maximum real part of closedloop eigenvalues varying with position feedback gain and rate feedback gain is shown
in Figure 6.15. To keep the linear part of the system stable, all the real parts of
closed-loop eigenvalues should be negative. The control feedback gains are chosen as
small as possible to get larger flutter free region, since the controller will saturate later
with the smaller feedback gains. Figure 6.16 shows the contour plot of the maximum
real part of closed-loop eigenvalues. The contour curve with value of zero serves the
boundary of stability. If position feedback gain kp and rate feedback gain kj. are
chosen as 0.5 and 0.0002 respectively, the maximum suppressible dynamic pressure
Amo* can reach 1,215, which is about two and half times of ACT. Since deflection rate
of panel flutter limit-cycle motion are 60 to 100 times larger than the deflection in
value (See Figure 5.7b), the feedback gains (kp and kd) should be chosen near the kp
axis, where the control effort will not saturate sooner than the place near the kd axis.

6 .5

T h ick n ess D esig n o f P ie z o e le c tr ic A ctu a to rs

The shape and placement of piezoelectric actuators has discussed a lot in previous
sections. In this section, we are going to study following questions: How to choose
the thickness of piezoelectric actuators for a given panel? How is the thickness of
piezoelectric actuators affecting the control performance? From Equation (3.41), the
modal equations are primarily varying with the change of aspect ratio a /6 of the panel
for the panel flutter limit-cycle motions. By analyzing the coefficient of control effort
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term , a control effective coefficient ce is defined as
*f* hp)
c' = h

[*?+ -'»?)]
¥ s hZ

which is the measure how is the thickness of piezoelectric actuator affecting the system
input m atrix. The bigger the ce, the bigger the system input m atrix. Therefor, the
larger flutter free region can be obtained, and better control performance is achieved.
For a given system in Table 5.1 and Table 5.2, Figure 6.17 shows the control
effective coefficient varying with the thickness of piezoelectric actuator. For structure
thickness of 0.05, the best thickness of piezoelectric actuator is about the 0.01. The
largest flutter free region can be obtained with this thickness. It should be pointed
out that this largest flutter free region is in the sense of the dynamic pressure A, not
the Mach number M
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Chapter 7
CONCLUSIONS
The nonlinear dynamic equations have systematically derived for a simply supported
rectangular panel with piezoelectric layers. The piezoelectric actuation is equivalent
to thermo-load in the analyses. For the linear panel flutter, at least five linear modes
is needed to get the converged ACT. For the panel flutter limit-cycle motions, more
than one stable limit-cycle motion has be observed.
The nonlinear panel flutter suppression using piezoelectric actuation has been
demonstrated by numerical simulations with nonlinear dynamic equations. For the
controller design, both linear and nonlinear control theory are reviewed or developed.
The optimal control approach shows that bending moment is more effective in flutter
suppression than inplane force. Once the optimal control gain is properly selected,
it can be used for any lower dynamic pressure to completely suppress the flutter.
W ith optimal feedback control through the completely covered actuator, the critical
dynamic pressure can be increased about three times. B etter performance can be
further achieved if two-set patched actuator is used, where five times of Acr can
be achieved. The small one-patched actuator may have better performance than
completely covered actuator in this study, where about four times of Acr can be
achieved. For nonlinear control, Lyapunov’s direct method is used to develop the
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nonlinear controller. It can get at least the performance of the optimal control. A
little bit better performance is achieved by using this nonlinear controller in panel
flutter suppression. For the PD controller, it is simple, and does not need the state
estimation. But, it needs the shaped sensors for better performance. To get a larger
flutter free region, it is observed that the closed-loop eigenvalues should be close to
imaginary axis.
Several possible configurations of actuators and sensors are discussed. It is possible
to use shaped sensors with a simple fixed-gain PD controller to achieve the optimal
control performance. This is one of the advantages of the distributed sensor. It can
get any combination of the states of controlled system by designing a proper shape
of sensor. The location of the sensor should be in the area with large curvature
changes, or strain energy changes. Therefore, better signal and noise ratio can be
obtained. For a shaped actuator, the methods to design the shape and location of
the actuator are developed. The best location of an actuator is near the leading edge
of the panel. It is different from the priori knowledge about the actuator location,
where the actuator is placed at the large curvature or strain energy area. Beside the
design of shape and location of actuators, the method to design the optimal thickness
of actuators is also presented. For a collocated actuator and sensor or a self-sensing
actuator, its performance mainly depends on the shape of the actuator, where \ max
is about two and half times of ACT.
The flutter free region can be further enlarged if the actuator is activated before the
critical dynamic pressure being reached. In other words, if the actuator is activated
during the flight or experiment, the panel will not experience the flutter limit-cycle
motion, since the controller will keep the panel system stable. Therefore, the dynamic
pressure of the panel can exceed the Xmax without experiencing the flutter.
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APPENDIX A
Coefficients of Modal Equations
The expression of Ci(i = 1 , . . . , 6 ) of Equation (3.41) are:

m 2 + i/( a / 6)2 2
c' - \ .
*»

(A .l)

v ( a / 6)2 + um 2 2
^«n
1 —t'1/2
m
X

(A.2)

2

X) X) amasarr 2{o;(s, m )[j(s + m ,r - n) - ^ (s + m ,r + n)]

^3 =
m

s

r

+ ^ (s,m )[ 7 (s —m ,r —n) — 7 (s —m ,r + n)]}

(A.3)

where
a (s, m) =

m (s —m)
[(s + m) + 4 (a/b)2]2

(A.4)

/3(3,l7l) =

m (s + m)
[(s - to) + 4(a/fe)2]2

(A.5)

2 if s = m = 0

7(s,m) =

1 i f s = m ^ 0 o r s = —m ^ 0
0 if s - f im and s ^ —m
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(A.6 )

Q’m&s&r'F{(s + m)o:(s, m)[C(s + m, r + n) + £(s + m, n — r)]
m

s

r

+ (s —m)/3(s, m)[£(s — m ,r + n) + ((s — m ,n — r)]}

(A.7)

where
1

C(s,m ) =

if s — m ^ 0
(A.8 )

—1 if s = —m 7^ 0
0

otherwise

^5 = ^ 2 ^ 2 5 3 amasar{(s + m )2a (s, m )[7(s + m ,r - n) m
3 r

+ m ,r + n)]

+ ( s —m )2/3(s, m )[7(s — m ,r — n) — 7 (s —m, r + n)]}

(A.9)
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(A.10)

